Abstract. Theoretical and experimental investigations are being carried out on Cu based alloys due to their technologically important shape memory properties and pseudo-elasticity, which are intimately associated with the martensitic transformation. The transition between the two phases, martensite to austenite, is of continued interest in academics and in industry. The shape memory effect, superelastic properties and biocompatibility are being applied in a variety of fields. Cu based SMA system has large vibrational entropy, high damping capacity and good economic viability. All these make it a potential candidate in the field of sensors and actuators. The concurrent knowledge of the second order elastic constants (SOEC) and third order elastic constants (TOEC) enables a better understanding of the nonlinear elasticity exhibited by these alloys. We have used a model based on deformation theory and Keating's potential scheme to obtain the expressions for TOEC of the above alloys. In this paper we have calculated the complete sets of six non-vanishing TOEC of Cu-Al-Ni, Cu-Al-Zn, Cu-Al-Be and Cu-Al-Pd and are presented along with the available experimental data. It is remarkable that all the third order elastic constants are negative, indicating an increase in the vibrational frequencies under stress, giving rise to an increase in the strain-free energy. The absolute values of the TOEC are large. This means that the bcc phase observed is considerably anharmonic. The TOEC C 144 representing the shear mode has a smaller value than C 111 . Hence, the effect of pressure is much greater on longitudinal wave velocity than on the shear wave velocity in the above Cu based SMA. The mode Grüneisen parameters of the acoustic waves are determined based on the quasi-harmonic approximation method. The low temperature limit of the lattice thermal expansion and the Anderson-Grüneisen parameter of these alloys are also obtained. Introduction Shape memory alloys (SMA), which form an important part in the category of 'smart materials' are alloys, which exhibit unique properties viz pseudo elasticity and shape memory effect [1, 2] . These unusual properties are being employed to a wide variety of applications [3, 4] . The transition between the two phases, martensite to austenite, is of continued interest both in academics and industry [5] . The shape memory effect, superelastic properties and bio-compatibility are used in space shuttles, thermostats, aerodynamics, solar panels, cryogenic valves and medicine. Austenite phase of Cu based SMA have bcc lattice [4] . Moreover these alloys are efficient because of their high damping capacity, favorable working temperature, large vibrational entropy and economic viability [6, 7, 8] . All these make them potential candidates in the field of sensors and actuators.
Theory
Higher order elastic constants. We have used a model based on deformation theory and Keating's potential scheme [9] to obtain the SOEC and TOEC of these alloys. Elastic constants of higher orders can be obtained as algebraic functions of potential parameters [10] . Considering Keating's approach, the potential energy of the alloy is written as the sum of the potential energy contributions due to two-body and three-body interactions. 
. (2) Here α and β are the two-body potential parameters. Similarly the potential due to the three-body interaction among the triplet of atoms µ in the cell L , µ′ in the cell L′ and µ ′ ′ in the cell L ′ ′ in the strained state is written as where, λ and ζ are the three-body potential parameters. In homogeneous deformation [11] the components of the interatomic vectors are altered as
where W i are the components of the internal displacements of the sub-lattices which are found to vanish. ij ε are deformation parameters related to the macroscopic Lagrangian strains ij η by
Therefore, the scalar product in (2) and (3) can be written using (4) and (5) as
Substituting for the change in scalar product in (2) and (3) from (6) and summing all the contribution to the potential energy, we obtain the strain energy per unit volume as
where V z is the volume of the unit cell. In the present work, two body interactions up to the second neighbors and three body interactions among the nearest neighbors of each atom in the unit cell are
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considered to obtain the strain energy density of the alloy. The fourth and higher powers of the interatomic displacements are neglected.
Comparing φ ∆ thus obtained with the strain energy from continuum model approximation [12] given by
(where C ij,kl and C ij,kl,mn are the second and third-order elastic constants evaluated at constant entropy), we get the expressions for the second and third elastic constants of the alloy systems in Voigt's notation as
where a is the lattice parameter of the unit cell. C ij and C ijk are SOEC and TOEC of Cu based shape memory alloys under study. Here σ and ν are the second and third order potential parameters of two body interactions in connection with the second neighbour respectively. In the above equations, the numerical prefactors are entirely derived from the crystal structure. For an isotropic substance, the elasticity tensor scheme yields C 11 -C 12 =2C 44 . We have calculated A, the anisotropy factor along with the shear modulus C'[= (C 11 -C 12 )/2]. We have used finite strain theory [12] to obtain the effective second-order elastic constants of a strained cubic crystal in terms of the second-order and third-order elastic constants. Let a cubic crystal be subjected to a hydrostatic pressure p. The coordinates of the material particles in the initial state change after applying the pressure. The expression for the pressure derivatives of second order elastic constants is obtained to the first order in η as, 
where v j ) , ( φ θ is the natural velocity of the j th acoustic mode propagating in the direction ) , ( φ θ , when the lattice is homogeneously strained by a uniform longitudinal strain ε [13] . The evaluated second-order and third-order elastic constants are used to obtain the Grüneisen functions ) , 
Here Ω is the solid angle. The low temperature limit L γ is evaluated using the GPs of the acoustic modes by numerical integration. The Anderson-Grüneisen parameter which account for the intrinsic variation of the GP with pressure [13] is given by
where K is the bulk modulus of the strained cubic crystal which is given by 3 / ) 2 ( 12 11
Thus using (10), (13) and (14), we calculate the Anderson-Grüneisen parameter in terms of SOEC and TOEC as 
Results and Discussion.
In this paper we have calculated the second-order and third-order potential parameters of alloys with composition Cu-14.3% Al-4.1% Ni (wt.%), Cu-66.5% Al-12.7% Zn (wt.%), Cu-74.1% Al-23.1% Be (wt.%) and Cu-67.5% Al-23.1% Pd (wt.%) at room temperature and tabulated in table 1 . The values of the second order potential parameters are estimated by best fitting with the reported experimental values. It is to be noted that α ,σ , β and ν are related to the stretching of bonds while λ and ζ are linked with the distortion of the angle between two adjacent bonds in the lattice. Table 1 . Second-order and third-order potential parameters.
The SOEC, C L (=(C 11 +C 12 +2C 44 )/2), bulk modulus K and shear modulus C'(=(C 11 -C 12 )/2) are collected in table 2. The Cauchy pressure P (=C 12 -C 44 ) is also determined which can be related to the brittle or ductile properties of materials as suggested by Chen et al [14] . Table 2 . Second order elastic constants (C 11, C 12, C 44, C L ), bulk modulus (K), shear modulus (C') and Cauchy pressure (P) [GPa] . The complete set of six non-vanishing TOEC along with the reported values are presented in table 3 [15, 7, 16, 17] . It is to be noted that the alloy composition used by Gonzalez-Comas et al [7] , Nagasawa et al [17] are different. The TOEC C 144 representing the shear mode has a smaller value than C 111 . Hence, the effect of pressure is much greater on longitudinal wave velocity than on the shear wave velocity in these alloys. It is remarkable that all the third order elastic constants are negative for these alloys, indicating an increase of the vibrational frequencies under stress, giving rise to an increase in the strain-free energy. Also the absolute values of the TOEC are large. This means that the bcc phase observed is considerably anharmonic [17] . The wave velocities at high pressures are inextricably related to elastic constants and we have obtained the pressure derivatives of the second-order elastic constants of these Cu based alloys and presented in table 4 . Reported values are only available for Cu-Al-Be [18] . The pressureinduced variations in the longitudinal elastic constants are relatively large compared with those for the shear and off-diagonal constants. Table 4 . Pressure derivative of second order elastic constants.
Alloy
dC 11 /dp dC 12 /dp dC 44 /dp Generalized Grüneisen parameters are also calculated using the second-and third-order elastic constants and a typical curve for Cu-Al-Zn is shown in fig.1 The low temperature limits L γ of these alloys are positive and hence we expect the thermal expansion to be positive down to absolute zero. In the quasi-harmonic approximation, the vibrations are considered to be harmonic about the new equilibrium positions of the atoms corresponding to the strained state. The Anderson-Grüneisen parameter is introduced to account for the intrinsic variation of the Grüneisen parameter with respect to pressure. The low temperature limits of thermal expansion along with the Anderson-Grüneisen parameter is calculated and presented in table 5. 
